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Abstract
We study the ultraviolet properties of theories whose fundamental fields display a confin-
ing, Gribov-type, propagator. These are propagators that exhibit complex poles and violate
positivity, thus precluding a physical propagating particle interpretation. We show that the
properties of this type of confining propagators do not change the ultraviolet behavior of the
theory, in the sense that no new ultraviolet primitive divergences are generated, thus securing
the renormalizability of these confining theories. We illustrate these properties by studying
a variety of models, including bosonic and fermionic confined degrees of freedom. The more
intricate case of Super Yang-Mills with N = 1 supersymmetries in the Wess-Zumino gauge
is taken as example in order to prove these statements to all orders by means of the algebraic
renormalization set up.
1 Introduction
The quantization of non-abelian gauge theories is still an open and rich subject for quantum field
theorists. A general framework which takes into account the non-perturbative phenomena of gluon
and quark confinement and of chiral symmetry breaking is still lacking. Needless to say, these
issues represent a major challenge for our current understanding of non-abelian gauge theories in
the non-perturbative infrared regime.
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A successful approach to investigate these topics within the context of the Euclidean quantum
field theory is provided by the Gribov framework1. In his seminal work [4], Gribov pointed out
that the Faddeev-Popov gauge-fixing procedure is plagued by the existence of Gribov copies. In
a path integral formulation this manifests in the fact that the Faddeev-Popov operator develops
zero modes. For example, in the Landau gauge, ∂µA
a
µ = 0, the Faddeev-Popov operator is given
by Mab = −(∂2δab − gfabcAcµ∂µ). For sufficiently enough strong coupling constant, zero modes of
this operator start to appear, rendering ill-defined the Faddeev-Propov procedure. To deal with
this issue, Gribov proposed to restrict the domain of integration in the path integral to a region in
field space where the eigenvalues of the Faddeev-Popov operator are strictly positive. This region
is known as the Gribov region Ω, being defined as
Ω = {Aaµ ; ∂µAaµ = 0 ; Mab = −(∂2δab − gfabcAcµ∂µ) > 0 } . (1)
It is useful to observe here that the inverse of the Faddeev-Popov operator, (M−1)ab, yields
precisely the propagator G(k,A) of the Faddeev-Popov ghosts in the presence of an external
gauge field Aaµ [1, 2, 3, 4], namely
G(k,A) = 1
(N2 − 1)δ
ab〈k|(M−1)ab|k〉 . (2)
This property can be employed to implement the restriction to the Gribov region Ω by requiring the
absence of poles in the ghost propagator for any non-zero value of the ghost external momentum
k. This requirement is known as the Gribov no-pole condition. More precisely, following [4], one
can always represent the exact ghost propagator in the presence of an external gauge field as
G(k,A) = 1
k2
(1 + σ(k,A)) , (3)
where σ(k,A) is the ghost form factor. Using the general properties of the diagrammatic expansion
of quantum field theory, we can write
G(k) = 〈G(k,A)〉conn = 1
k2
(1 + 〈σ(k,A)〉conn) = 1
k2
1
(1− 〈σ(k,A)〉1PI) (4)
where “conn” stands for the connected set of diagrams and 1PI denotes the 1-particle irreducible
ones. It can be shown that 〈σ(k,A)〉1PI is a decreasing function of k [1, 2, 3, 4]. Therefore, the
condition that the ghost propagator has no poles for any non-zero value of the ghost external
momentum can be expressed as a condition for the maximum value of the ghost form factor, i.e.
〈σ(0, A)〉1PI = 1 . (5)
Equation (5) expresses the no-pole condition. In [5], it has been shown that an exact closed expres-
sion for σ(0, A) can be obtained, being proportional to the horizon function H(A) of Zwanziger’s
[1] formalism:
σ(0, A) = − g
2
V 4(N2 − 1)
∫
d4p
(2pi)4
∫
d4q
(2pi)4
Aabµ1(−p)
(M−1)bc
pq
Acaµ (q) =
H(A)
4V (N2 − 1) . (6)
1For reviews on the Gribov issues, see [1, 2, 3] and refs. therein.
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The no-pole condition (5) is thus equivalent to
〈H(A)〉1PI = V 4(N2 − 1) , (7)
which is called the horizon condition. The relevance of the horizon function H(A) relies on the
fact that the restriction of the domain of integration in the functional integral to the Gribov region
Ω can be effectively implemented by adding to the Yang-Mills action the quantity H(A). More
precisely, it turns out that, in the thermodynamic limit [1, 6, 7, 8], the partition function of the
theory with the cut-off at the Gribov region Ω is given by
Z =
∫
Ω
DA δ(∂A) det(Mab) e−SYM =
∫
DA δ(∂A) det(Mab) e−(SYM+γ4H(A)−γ4V D(N2−1)) , (8)
where the massive parameter γ is known as the Gribov parameter [1, 2, 3, 4]. It is not a free
parameter, being determined in a self-consistent way by the horizon condition (7), which can be
rewritten as a stationary condition for the vacuum energy E , i.e.
∂E
∂γ2
= 0 ⇒ 〈H(A)〉1PI = V 4(N2 − 1) , (9)
where
Z = e−E . (10)
Although expression (8) is non-local, it can be fully localized by introducing a suitable set of
auxiliary fields. The Faddeev-Popov measure is localized as usual by means of the Faddeev-Popov
ghosts (ca, c¯a) and of the Nakanishi-Lautrup field ba. Moreover, the horizon function H(A) can also
be put in a local form [1, 6, 7, 8] by using the auxiliary fields (ω¯abµ , ω
ab
µ , ϕ¯
ab
µ , ϕ
ab
µ ), where (ϕ¯
ab
µ , ϕ
ab
µ )
are a pair of bosonic fields, while (ω¯abµ , ω
ab
µ ) are anti-commuting. The resulting local action is called
the Gribov-Zwanziger action SGZ [1, 6, 7, 8], i.e.
Z =
∫
[Dφ]e−SGZ , (11)
where
SGZ = SFP + S0 + Sγ , (12)
with SFP being the Faddeev-Popov action in the Landau gauge
SFP =
1
4
∫
d4x F aµνF
a
µν +
∫
d4x
(
ba∂µA
a
µ + c¯
a∂µD
ab
µ c
b
)
, (13)
and S0, Sγ given, respectively, by
S0 =
∫
d4x
(
ϕ¯acµ (∂νD
ab
ν )ϕ
bc
µ − ω¯acµ (∂νDabν )ωbcµ − gfamb(∂νω¯acµ )(Dmpν cp)ϕbcµ
)
, (14)
Sγ = γ
2
∫
d4x
(
gfabcAaµ(ϕ
bc
µ + ϕ¯
bc
µ )
)− 4γ4V (N2 − 1) . (15)
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The GZ action (12) displays remarkable properties; it is renormalizable to all orders and has no
extra free parameters with respect to the original Faddeev-Popov action (13); the parameter γ
is completely determined by the gap equation (9) and does not renormalize independently. This
means that the UV properties of the theory are not changed by restricting it to the Gribov region
Ω. Only two renormalization factors are in fact needed to renormalize the action (12) [1, 6, 7, 8].
As discussed in [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the GZ action (12)
breaks the standard BRST symmetry of the Faddeev-Popov action in a soft way, i.e.
sSGZ = γ
2∆ , (16)
where
∆ =
∫
d4x
(−gfabc(Damµ cm)(ϕbcµ + ϕ¯bcµ ) + gfabcAaµωbcµ ) , (17)
and s denotes the standard nilpotent BRST operator, defined by
sAaµ = −Dabµ cb ,
sca =
1
2
gfabccbcc ,
sc¯a = ba , sba = 0 ,
sω¯abµ = ϕ¯
ab
µ , sϕ¯
ab
µ = 0 ,
sϕabµ = ω
ab
µ , sω
ab
µ = 0 . (18)
We notice that the breaking term ∆ is of dimension two in the quantum fields. As such, it is a
soft breaking, which can be kept under control in the renormalization process [24].
Recently, it has been shown [25] that a non-perturbative nilpotent extension of the standard
BRST operator can be constructed in such a way that it is an exact symmetry of the GZ action. In
particular, the existence of the soft breaking ∆ turns out to be a consequence of the Ward identity
stemming from the non-perturbative BRST exact symmetry [25]. Nevertheless, as far as the UV
renormalization of the GZ action is concerned, the standard softly broken BRST symmetry turns
out to be very helpful. In fact, using the tools of the algebraic renormalization [24], the softly
broken identity (16) can be converted into useful Slavnov-Taylor identities which imply the all
order UV renormalizability of expression (12), see for example [10, 20, 21, 22, 23].
We observe that, in the local formulation, the horizon condition (9) takes the form
〈gfabcAaµ(x)(ϕbcµ (x) + ϕ¯bcµ (x))〉 = 8γ2(N2 − 1) , (19)
which expresses the condensation of the local dimension two operator gfabcAaµ(ϕ
bc
µ + ϕ¯
bc
µ ). As
shown in [9, 10, 11], this is not the only dimension two condensate present in the theory. The
condensation of other dimension two operators, AaµA
a
µ and
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
)
, turns out to be
energetically favoured [9, 10, 11]. The effective action which takes into account the formation of
these condensates is known as the Refined-Gribov-Zwanziger (RGZ) action [9, 10, 11], being given
by
SRGZ = SGZ +
∫
d4x
(
m2
2
AaµA
a
µ − µ2
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
))
, (20)
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where the massive parameters (m2, µ2) are not independent and have a dynamical origin, being
related to the existence of the dimension two condensates 〈AaµAaµ〉 and 〈ϕ¯abµ ϕabµ − ω¯abµ ωabµ 〉. As the
GZ action, also the RGZ action can be proven to be tenormalizable to all orders [9, 10, 11], while
displaying the existence of a non-perturbative exact BRST symmetry [25].
The tree level gluon propagator obtained from the RGZ action (20) reads
〈Aaµ(k)Abν(−k)〉 = δab
(
δµν − kµkν
k2
)
D(k2) , (21)
D(k2) = k
2 + µ2
k4 + (µ2 +m2)k2 + 2Ng2γ4 + µ2m2
. (22)
It is worth mentioning that the infrared behaviour of the RGZ gluon propagator (21) and of
the corresponding ghost two-point function turns out to be in remarkable agreement with the
recent numerical lattice simulations obtained on huge lattices [26, 27, 28]. Therefore, a numerical
estimate of the non-perturbative parameters (m,µ, γ) can be obtained by fitting the lattice data
by means of expression (21), see [28]. This leads to the presence of complex poles in the gluon
propagator (21), as well as to a violation of reflection positivity, precluding thus a physical particle
interpretation. As a consequence, gluons cannot belong to the physical spectrum of the theory.
We see thus that the restriction to the Gribov region Ω captures non-trivial aspects of the gluon
confinement.
Till now, the RGZ action has allowed for a variety of successful applications like: estimate
of the masses of the first glueball states [29, 30], yielding results which display the right mass
hierarchy as observed in the available numerical simulations and whose accuracy is comparable to
other non-perturbative approaches to the glueball spectrum (cf. e.g. [31] for a review), inclusion
of quarks and estimate of the masses of meson states [32], study of the Casimir energy [33], finite
temperature effects [34, 35, 36, 37], study of the confinement/deconfinement transition in presence
of Higgs fields [38, 39], analysis of the relevance of the Gribov issue in supersymmetric theories
[40, 41].
The feature that we want to explore in the present work is the fact that both the GZ and the
RGZ tree-level propagators hold the key for the good UV behavior of the theory. More precisely
we note that the propagator D(k2) (22) can be written as
D(k2) = k
2 + µ2
k4 + (µ2 +m2)k2 + 2Ng2γ4 + µ2m2
.
=
1
k2 +m2
− 2Ng
2γ4
(k2 +m2) (k2 +M2+) (k
2 +M2−)
(23)
where
M2± =
µ2 +m2
2
± 1
2
√
(µ2 +m2)2 − 8Ng2γ4 (24)
The first term in (23) represents the usual propagator of a massive vector boson. The second term
is the contribution coming from the restriction to the Gribov region. Notice the negative sign
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that points to an unphysical contribution that violates positivity requirements. The important
feature we want to emphasize is the subleading contribution of the second term in the UV : it
presents a ∼ 1/k4 suppression with respect to the standard first term, which will always produce
a UV convergent loop contribution in dimension 4. The renormalization of the RGZ and GZ
(corresponding to µ = m = 0) follows from this important property and, as already mentioned,
it is well known that γ does not renormalize independently and thus cannot be considered as an
independent dynamically generated scale.
One is thus led to conjecture that this is a general property of theories displaying such con-
fining propagators, with γ standing for a general mass scale associated with confinement of the
fundamental fields; γ must be understood as a scale determined by other dynamically generated
scales of the theory. More precisely, the second term in (23) cannot generate any new UV diver-
gences in the theory and therefore cannot change the renormalization properties of the theory,
which must be the same as with γ = 0. In a diagrammatic approach, only positive powers of
propagators appear, so that it is clear that the highly-suppressed Gribov contribution (cf. (23),
e.g.) will not influence the deep UV behavior of the theory. Furthermore, it follows that if the
theory with γ = 0 does not generate a mass scale, then, since there can be no divergences pro-
portional to γ, no mass scale will be generated in the γ 6= 0 theory. This in turn means that it is
not possible to assign a dynamical meaning to the parameter γ in this case, i.e., the only possible
solution is to have γ = 0 in these cases. An example of a theory displaying this feature is N = 4
supersymmetric Yang-Mills which, due to its conformal character, has vanishing β-function to all
orders. As a consequence of the absence of a scale, it turns out that γ = 0, meaning that no mass
scale associated to the Gribov copies is generated [41].
In the following sections we will study a variety of examples that support these claims. In sec-
tion 2 we discuss the case of an interacting scalar field theory displaying a confining propagator.
In section 3 we consider the inclusion of confined fermions interacting with the confined scalars
through a Yukawa term. In section 4 we discuss the case of Super Yang-Mills with N = 1 super-
symmetries and show to all orders via the algebraic renormalization approach that the adoption
of Gribov-type propagators does not produce any new UV divergences, with the renormalization
of the IR parameters being completely defined by the UV renormalization of the parameters of
the original theory. Section 5 collects our summary and conclusions.
2 Interacting scalar fields with confining propagators
Consider the theory of a real scalar field φ defined by the following action in D = 4 euclidean
space
S = Ss + Sint + Sγ (25)
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where
Ss =
∫
d4x
[
1
2
φ
(−∂2 +m2)φ] (26)
Sint =
∫
d4x
[
1
4
λφ4
]
(27)
Sγ =
∫
d4x
[
1
2
φ
(
γ4
−∂2
)
φ
]
, (28)
where m2 is the mass of the scalar field in the deconfined (γ → 0) theory and λ is the quartic
coupling. Here, γ is the confining parameter that shall play a similar role for the scalars as the
Gribov mass does for the confined gluons. Our claim in this case is that the presence of the IR
parameter γ does not affect the deep UV behavior of the theory at all.
The quadratic part of the total action furnishes the tree-level confining propagator for the
scalar fields:
D(k2) = k
2
k4 +m2k2 + γ4
.
=
1
k2 +m2
− γ
4
(k2 +m2) (k2 +M2+) (k
2 +M2−)
=
1
k2 +m2
− γ4∆(k2) (29)
where we have isolated the confining contribution to the scalar propagator, γ4∆, with
∆(k2) =
1
(k2 +m2) (k2 +M2+) (k
2 +M2−)
, (30)
which is highly suppressed in the UV: ∆ ∼ 1/k6. The mass parameters M2± are written in terms
of γ and m
M2± =
m2
2
± 1
2
√
m4 − 4γ4 , (31)
being complex for large enough γ/m. The complexity of these IR mass parameters is closely related
to positivity violation and the absence of a physical particle interpretation for these excitations,
in line with confinement.
It is straightforward to see that there are no new UV divergences associated with the term Sγ
(28) by looking at the diagrams of primitive divergences of the theory.
In fact, the one-loop scalar selfenergy is
cfff ∝
∫
d4pD(p) =
∫
d4p
1
p2 +m2
+ γ4
∫
d4p∆(p2)
=
∫
d4p
1
p2 +m2
+ γ4(UV finite) (32)
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The correction to the quartic coupling at one loop reads:
d
k−p
l
p
n ee d ∝
∫
d4pD(k − p)D(p) =
∫
d4p
1
p2 +m2
1
(k − p)2 +m2 +
+ γ4
∫
d4p∆(p2)
1
(k − p)2 +m2 + γ
4
∫
d4p
1
p2 +m2
∆((k − p)2)
+ γ8
∫
d4p∆(p2)∆((k − p)2)
=
∫
d4p
1
p2 +m2
1
(k − p)2 +m2 +O(γ
4, γ8)(UV finite ) (33)
As a representative example at two-loop order, we may look at the scalar selfenergy sunset
diagram:
k−p−q
l
p
nff qff ∝
∫
d4p
∫
d4qD(k − p− q)D(q)D(p)
=
∫
d4p
∫
d4q
1
p2 +m2
1
q2 +m2
1
(k − p− q)2 +m2 +
+ γ4
∫
d4p
∫
d4q∆(p2)
1
q2 +m2
1
(k − p− q)2 +m2 +
+ γ4
∫
d4p
∫
d4q
1
p2 +m2
∆(q2)
1
(k − p− q)2 +m2 +
+ γ4
∫
d4p
∫
d4q
1
p2 +m2
1
q2 +m2
∆((k − p− q)2) +O(γ8)
=
∫
d4p
1
p2 +m2
1
q2 +m2
1
(k − p− q)2 +m2 +O(γ
4, γ8, γ12)(UV finite)
(34)
In all examples above, the appearance of a general form for the contributions of the confining
scale with increasingly UV convergent momentum integrals is clear. It is straightforward to realize
then that this pattern will spread throughout all orders of the diagrammatic expansion, so that we
are led to infer that contributions proportional to γ cannot give rise to new primitive divergences,
besides the ones coming from Ss (26) alone, i.e. the original theory.
3 Confined fermions and scalars with Yukawa interaction
The same reasoning can be applied when Dirac fermions are added to the theory, with an Yukawa
coupling and a fermionic Gribov-type term rendering the fermionic excitations also confined.
We consider here the theory in the absence of scalar condensates. In this case, the full action
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reads
S = Ss + Sf + Sint + Sγ,Γ (35)
where
Ss =
∫
d4x
(
1
2
φ
(−∂2 +m2)φ) (36)
Sf =
∫
d4x ψ¯ (∂/+M)ψ (37)
Sint =
∫
d4x
(
gφψ¯ψ +
1
4
λφ4
)
(38)
Sγ,Γ =
∫
d4x
(
1
2
φ
(
γ4
−∂2
)
φ+ ψ¯
(
Γ3
−∂2
)
ψ
)
(39)
where M is the mass of the original fermion field (i.e. for Γ → 0) and g is the Yukawa coupling.
In the fermionic sector the IR mass scale analogous to the Gribov parameter is Γ.
Analogously to the purely scalar case, it is easily seen that there are no UV divergences
associated to the whole term Sγ,Γ (39). The scalar excitations display the confining propagator of
the last section, (29), while for the confining fermion propagator, we have
S(k2) = ik/+M +
Γ3
k2
k2 + (M + Γ
3
k2
)2
.
=
ik/+M
k2 +M2
+ Γ3
(k2 +M2)k2 − (ik/+M)(2Mk2 + Γ3)
(k6 + (Mk2 + Γ3)2)(k2 +M2)
=
ik/+M
k2 +M2
+ Γ3Σ(k2) , (40)
Again, the isolated confining contribution to the propagator is highly suppressed in the UV with
respect to the standard massive Dirac term (∼ 1/k):
Σ(k) =
(k2 +M2)k2 − (ik/+M)(2Mk2 + Γ3)
(k6 + (Mk2 + Γ3)2)(k2 +M2)
∼ 1/k4 , (41)
and we anticipate that the primitive divergences of the theory with confined propagators will be
exactly the ones coming from Ss (26) and Sf (37) alone, since any contribution proportional to γ
or Γ will be strongly suppressed in the UV.
At one loop order, besides the diagrams already analyzed in the previous section, new diagrams
contributing to primitive divergences appear, due to the presence of fermion lines (dashed ones):
It should be noticed that the Yukawa coupling breaks the discrete symmetry φ 7→ −φ originally
present in the scalar sector, generating at the quantum level a cubic scalar interaction. This
means that the renormalizable version of this theory requires a counterterm for the cubic scalar
interaction, even if the physical value of this coupling is set to zero. In the case of a pseudoscalar
9
Figure 1: One-loop diagrams containing fermion (dashed) lines for the fermion and scalar selfen-
ergies and cubic, quartic and Yukawa couplings, respectively.
Yukawa coupling (i.e. gφψ¯ψ 7→ gφψ¯γ5ψ), parity symmetry guarantees that the cubic terms vanish
identically. We emphasize, however, that our statement concerning the UV properties of Gribov-
type confining propagators remains valid in any case, as will be made explicit below via the whole
set of primitive divergences at one loop order.
In order to investigate the influence of the confining propagators in the UV regime, we may
isolate the free fermion and scalar propagators from the confining contributions, namely Σ(k)
UV∼
1/k4 and ∆(k2)
UV∼ 1/k6, being both highly suppressed in the UV. Writing down explicitly the
momentum integrals in the corresponding expressions for the one-loop diagrams in Fig. 1, we
have, respectively:
(a) the one-loop fermion self energy:∫
d4pD(k − p)S(p) =
∫
d4p
1
(k − p)2 +m2
ip/+M
p2 +M2
+ γ4
∫
d4p∆((k − p)2) ip/+M
p2 +M2
+Γ3
∫
d4p
1
(k − p)2 +m2 Σ(p) + γ
4Γ3
∫
d4p∆((k − p)2)Σ(p)
=
∫
d4p
ip/+M
p2 +M2
1
(k − p)2 +m2 +O(γ
4,Γ3, γ4Γ3)(UV finite) (42)
(b) the fermion loop contributing to the scalar self energy:∫
d4pTr[S(p)S(k − p)] =
∫
d4pTr
[ ip/+M
p2 +M2
i(k/− p/) +M
(k − p)2 +M2
]
+O(Γ3,Γ6)(UV finite) (43)
(c) the triangular diagram contributing to the scalar cubic interaction:∫
d4pTr[S(p)S(p− k)S(p− k − k′)] =
∫
d4pTr
[ ip/+M
p2 +M2
i(p/− k/) +M
(p− k)2 +M2
i(p/− k/− k/′) +M
(p− k − k′)2 +M2
]
+
+O(Γ3,Γ6,Γ9)(UV finite) (44)
(d) the fermion loop correction to the φ4 vertex:∫
d4pTr
[
S(p)S(p− k)S(p− k − k′)S(p− k − k′ − k′′)
]
=
=
∫
d4pTr
[ ip/+M
p2 +M2
i(p/− k/) +M
(p− k)2 +M2
i(p/− k/− k/′) +M
(p− k − k′)2 +M2
i(p/− k/− k/′ − k/′′) +M
(p− k − k′ − k′′)2 +M2
]
+
+O(Γ3,Γ6,Γ9,Γ12)(UV finite) (45)
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(e) the modification of the Yukawa coupling:∫
d4p
[
S(p)D(p− k)S(p− k − k′)
]
=
∫
d4pTr
[ ip/+M
p2 +M2
1
(p− k)2 +m2
i(p/− k/− k/′) +M
(p− k − k′)2 +M2
]
+
+O(γ4,Γ3,Γ6, γ4Γ3, γ4Γ6)(UV finite) (46)
As already occurred for the confining scalar theory in the previous section, the highly sup-
pressed UV behavior of the confining pieces Σ(k)
UV∼ 1/k4 and ∆(k2) UV∼ 1/k6 enforces the con-
vergence of all terms proportional to the new massive parameters introduced (γ and Γ). The
divergent integrals in all diagrams above are exactly the ones coming from the original action,
i.e. Ss + Sf + Sint (cf. (35)). In the theory including the confining quadratic nonlocal terms in
Sγ,Γ, the absence of new primitive divergences then guarantees that the parameters γ and Γ can
be consistently related to dynamically generated scales and do not affect the UV regime of the
theory.
Realizing that any diagrammatic expression at higher loops will involve higher powers of the
propagators, it becomes straightforward to envision the generalization of our claim in the full
diagrammatic expansion of this general Yukawa theory. Therefore, given the renormalizability of
the original theory, one concludes that the resulting action with confining, Gribov-type propagators
is renormalizable and the IR confining parameters in both fermionic and bosonic sectors do not
display an independent renormalization, being thus consistent with dynamically generated mass
scales.
4 N = 1 Super Yang–Mills in Wess–Zumino gauge within
the Gribov–Zwanziger approach
Let us now investigate a more intricate theory with confining propagators, including gauge inter-
actions as well as Majorana fermions. We consider here Yang-Mills theory in D = 4 spacetime
dimensions with N = 1 supersymmetry in the presence of the Gribov horizon. We shall use this
(most complicated) example to prove, to all-orders in the loop expansion, our claim concerning
the good UV behavior of Gribov-type propagators. The IR parameters introduced will be shown
to have renormalization parameters that are completely determined by the renormalization of the
original theory.
This theory has already been put forward and investigated in Ref. [40]. There, the extension
of the Gribov-Zwanziger framework to N = 1 Super-Yang-Mills (SYM) theories quantized in
the Wess-Zumino gauge by imposing the Landau gauge condition was presented. The resulting
effective action is
SN=1SGZ = S
N=1
SYM +Q
∫
d4x
(
cˇa∂µA
a
µ + ω˜
ac
µ (−∂νDabν )ϕbcµ
)
+ Sγ + SG . (47)
Here, the operator Q stands for the generalized BRST operator which encodes both gauge and
11
supersymmetry transformations2; Sγ is the horizon term in its local form, eq.(15), namely
Sγ = γ
2
∫
d4x
(
gfabcAaµ(ϕ
bc
µ + ϕ˜
bc
µ )
)− 4γ4V (N2 − 1) ; (48)
and the term SG is given by
SG = −1
2
M3
∫
d4x
(
λ¯aα
δαβ
∂2
λaβ
)
, (49)
which also has a new massive constant M . This quantum action takes into account the existence
of Gribov copies in the path-integral quantization of the theory. It encodes the restriction to
the first Gribov horizon while keeping full compatibility with non-perturbative supersymmetric
features, such as the exactly vanishing vacuum energy.
Even though this non-perturbative framework has been constructed through the introduction
of two massive parameters γ,M which are not present in the classical action, those new parameters
are determined in a dynamical, self-consistent way via two non-perturbative conditions: (i) the
Gribov gap equation, that fixes γ by imposing the positivity of the Faddeev-Popov operator and
eliminating a large set of Gribov copies from the functional integral, and (ii) the vanishing of
the vacuum energy, which determines the parameter M that plays the role of a supersymmetric
counterpart of the Gribov parameter γ, guaranteeing a consistent non-perturbative fermion sector.
Interestingly, the appearance of the dynamical fermionic scale M has been shown to be directly
related to the formation of a gluino condensate, a well-known non-perturbative property of N = 1
SYM theories. For further details, the reader is referred to Ref. [40]. A brief summary of the
notation adopted may also be found in the Appendix B.
The propagators of the theory (47) can be straightforwardly shown to be of the Gribov type.
The gauge field propagator is:
〈Aaµ(p)Abν(−p)〉 = δab
(
δµν − pµpν
p2
)
p2
p4 + 2Ng2γ4
, (50)
which, apart from the more complicated tensorial structure, is equivalent to the Gribov scalar
propagator studied above in section 2. The gauge field propagator in this Gribov-extended N = 1
SYM theory displays thus a confining contribution that is suppressed by an extra 1/p4 factor in
the UV as compared to the free term.
For gluino fields we have:
〈λ¯aα(p)λbβ(−p)〉 =
ipµ(γµ)αβ +m(p
2)δαβ
p2 +m2(p2)
δab , (51)
〈λaρ(p)λbβ(−p)〉 = −
(ipµ(γµ)αβ +m(p
2)δαβ)
p2 +m2(p2)
δabCαρ , (52)
〈λ¯aα(p)λ¯bτ (−p)〉 =
(ipµ(γµ)αβ +m(p
2)δαβ)
p2 +m2(p2)
δabCβτ , (53)
2For a detailed construction of the operator Q we refer to the Appendix A. Notice also that the notation adopted
here has few differences with respect to the one employed in the Introduction. In particular, the anti-ghost field is
now denoted by cˇa instead of c¯a, while the fields (ϕ˜abµ , ω˜
ab
µ ) correspond to the auxiliary Zwanziger fields (ϕ¯
ab
µ , ω¯
ab
µ ),
respectively. The meaning of this new notation is also clarified in Appendix A.
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where Cαβ is the charge conjugation matrix and
m(p2) =
M3
p2
. (54)
The presence of three two-point correlation functions involving gluino fields is a result of the lack
of charge conservation for Majorana fermions. One verifies however that all of them have the form
of Gribov propagators with M playing an analogous role as the Gribov parameter in the gluino
sector. In particular, one can easily check that the same structure observed for the Gribov fermion
propagator in the previous section (cf. Eq.(40)) is found here:
〈λ¯aα(k)λbβ(−k)〉 =
ik/+ M
3
k2
k2 + M
6
k4
=
ik/
k2
+M3Σλ(k
2) , (55)
where the isolated confining contribution Σλ to the gluino propagator is again highly suppressed
in the UV with respect to the leading term (∼ 1/k):
Σλ(k
2) =
k4 − ik/M3
(k6 +M6)k2
UV∼ 1/k4 . (56)
The same reasoning applied in the scalar and Yukawa theories above may be followed here
in order to prove that the UV regime of the theory remains the same even after the inclusion of
nonlocal confining terms in the propagators. One may compute the one-loop primitive divergences
and show that the confining parameters γ,M will not affect the UV divergent pieces, due to the
high suppression observed in the Gribov-type propagators. We shall, however, use this most
complicated theory analyzed in the current section to present an all-order algebraic proof of
renormalizability and of the fact that the confining parameters γ,M do not display independent
renormalization.
The non-local action (47) is, however, not helpful in the algebraic renormalization procedure.
Fortunately we are able to write its local form with the insertion of auxiliary fields.
The whole action which describes our model can then be written in its local form as,
S = SSYM + Sgf + SGZ + S
local
G
=
∫
d4x
{
1
4
F aµνF
a
µν +
1
2
λ¯aα(γµ)αβD
ab
µ λ
bβ +
1
2
DaDa + ba∂µA
a
µ
+cˇa
[
∂µD
ab
µ c
b − ¯α(γµ)αβ∂µλa β
]
+ ϕ˜acµ ∂νD
ab
ν ϕ
bc
µ − ω˜acµ ∂νDabν ωbcµ
−gfabc(∂νω˜adµ )(Dbkν ck)ϕcdµ + gfabc(∂νω˜adµ )(¯α(γν)αβλβb)ϕcdµ
+γ2gfabcAaµ(ϕ
bc
µ + ϕ˜
bc
µ )− γ44(N2c − 1) + ζˆaα(∂2 − µ2)ζaα
−θˆaα(∂2 − µ2)θaα −M3/2(λ¯aαθaα + θˆaαλaα)
}
, (57)
where the set of auxiliary fields (θˆaα, θaα, ζˆaα, ζaα) has an analogous role of the set of auxiliary
localizing fields (ϕ˜aµ, ϕ
a
µ, ω˜
a
µ, ω
a
µ) introduced by Zwanziger in GZ model, i.e. it allows to describe
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the non-local gluino term (49) in a local fashion.
Applying the algebraic renormalization procedure to the local action (57) above we are able to
prove that: (i) the Gribov-extended SYM theory is renormalizable; and (ii) the massive parame-
ters γ,M introduced in the infrared action do not renormalize independently, meaning that they
are consistent with dynamically generated mass scales, produced by nonperturbative interactions
in the original theory. All details of the proof may be found in the Appendix A.
The final results for the renormalization factors related to the confining parameters M,γ may
be read from the renormalization of external sources conveniently introduced in the algebraic
procedure (cf. Appendix A). The renormalization of the sources M and M˜ give us the renor-
malization factor of the Gribov parameter γ2, while the renormalization of V and Vˆ give us the
renormalization of M3/2, when every source assumes its physical value stated at (64). We have:
ZM˜ = ZM = Zγ2 = Z
−1/2
g Z
−1/4
A ,
ZVˆ = ZV = ZM3/2 = Z
−1/2
λ , (58)
which clearly prove that the renormalization of the infrared parameters M,γ is fixed by the renor-
malization factor of the original SYM theory: the renormalization of the gauge coupling, Zg, the
wave function renormalization of the gauge field, ZA, and and the wave function renormalization
of the gluing field, Zλ.
Therefore we conclude that this action is indeed a suitable nonperturbative infrared action
for N = 1 SYM theories, reducing consistently to the ultraviolet original action. Moreover, even
in this very intricate non-Abelian gauge theory with matter fields, the good UV behavior in the
presence of confining propagators of the Gribov type shows up at all orders.
5 Conclusion
In this paper we have studied the UV behaviour of quantum field theory models in which the
two-point correlation functions of the elementary fields are described by confining propagators of
the Gribov type.
Relying on the decompositions (29), (40), we have been able to show that the UV divergent
behaviour of the Feynman diagrams is not affected by the infrared parameters, e.g. (γ,Γ), encoded
in the aforementioned confining propagators.
From this property, it follows that no new UV divergences in the infrared parameters can arise.
Otherwise said, the only UV divergences affecting the 1PI Green’s functions of the theory are those
present when the infrared parameters are set to zero. As a consequence, the infrared parameters
do not renormalize independently, as explicitly shown in the case of N = 1 supersymmetric Yang-
Mills theory.
In particular, in the case of a generic non-Abelian theory, the implementation of the restriction
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of the domain of integration to the Gribov region Ω has no consequences on the UV renormalisation
properties of the theory.
In conclusion, the main result of the present work can be stated as follows: given a multi-
plicatively renormalizable Faddeev-Popov action, adding a Gribov horizon term in both gluon
and matter sectors will not affect the ultraviolet properties of the theory at all. The resulting
action remains multiplicatively renormalizable, with the same counterterms as the original theory.
Moreover, the IR parameters originated by the horizon terms do not renormalize independently,
being thus consistent with dynamically generated mass scales.
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A Algebraic renormalization of N = 1 Super Yang-Mills in
Wess-Zumino gauge within the Gribov-Zwanziger ap-
proach
A.1 Construction of a complete invariant action
In order to prove the renormalizability of the action (57) introduced in Sect.4, we follow the
procedure already employed in [7, 10, 21, 22, 23, 40] and embed the action (57) into a more
general one displaying a huge set of symmetries and Ward identities. In the present case, it turns
out that the action (57) can be recovered as a particular case of the following expression
Σ0 = S
N=1
SYM + Sgf + S
inv
GZ + S
conf
gluino . (59)
Let us proceed by specifying the various terms appearing in the action (59). The first term, SN=1SYM ,
is the N = 1 Euclidean Super Yang-Mills action with Majorana fermions in the Wess-Zummino
gauge, without matter fields, namely,
SSYM =
∫
d4x
[
1
4
F aµνF
a
µν +
1
2
λ¯aα(γµ)αβD
ab
µ λ
bβ +
1
2
DaDa
]
, (60)
with Dabµ = δ
ab∂µ − gfabcAcµ denoting the covariant derivative in the adjoint representation of
the SU(N); λα being a four component Majorana spinor; and D
a standing for a dimension two
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auxiliary fields needed in order to close the algebra of N = 1 supersymmetry. Also, λ¯ = λTC
with C being the charge conjugation matrix, which is defined together with the Euclidean gamma
matrices γµ in Appendix B.
The second term in eq.(59) is the gauge fixing term in the Landau gauge, given by
Sgf =
∫
d4x
[
cˇa
(
∂µD
ab
µ c
b − ¯α(γµ)αβ ∂µλa β
)
+ ba ∂µA
a
µ
]
. (61)
In this term, ba is the Lagrange multiplier enforcing the Landau gauge condition, ∂µA
a
µ = 0, while
(ca, cˇa) are the Fadeev-Popov ghost fields and ¯ = TC is a constant ghost. As we shall see later,
the constant ghost ¯ is needed to encode the supersymmetric transformations into a unique gen-
eralized BRST operator.
The third term of eq.(59) corresponds to the local and invariant Gribov-Zwanziger term3 being
given by
SinvGZ =
∫
d4x
{
ϕ˜acµ ∂νD
ab
ν ϕ
bc
µ − ω˜acµ ∂νDabν ωbcµ − gfabc(∂νω˜adµ )
(
Dbkν c
k − ¯α(γν)αβλβb
)
ϕcdµ
−NabµνDacµ ω˜cbν +Mabµν
[−Dacµ ϕ˜cbν + gfadc (Ddlµ cl − ¯α(γµ)αβλdβ) ω˜cbν ]
−M˜abµνDacµ ϕcbν + N˜abµν
[
Dacµ ω
cb
ν − gfadc
(
Ddlµ c
l − ¯α(γµ)αβλdβ
)
ϕcbν
]
−M˜abµνMabµν + N˜abµνNabµν
}
. (62)
In the expression above, (M˜abµν ,M
ab
µν , N˜
ab
µν , N
ab
µν) are external sources which will be set equal to their
physical values after the renormalization procedure, i.e. after removing the UV divergencies.
Finally, the fourth and last term of the action (59) is the local and invariant confining term
for the gluino sector. This term is the analogous of the GZ term (62). It can be seen as the
supersymmetric counterpart of expression (62). It reads
Sconfgluino =
∫
d4x
{
ζˆaα ∂2ζaα − θˆaα ∂2θaα − Vˆ abαβ λ¯aαθbβ + Uˆabαβ
[
−gfadccdλ¯cαθbβ
+
1
2
¯γ(σµν)γαF
a
µνθ
b
β − ¯γ(γ5)γαDaθbβ + γ(γµ)γη ¯ηλ¯aα∂µζbβ
]
− V abαβ θˆbβλaα
+Uabαβ
[
−ζˆbβλaα + gfadcθˆbβcdλcα −
1
2
θˆbβ(σµν)αγ
γF aµν + θˆ
b
β(γ5)αγ
γDa
]}
. (63)
Analogously to the term (62), this term depends on the external sources (Vˆ abαβ, V abαβ, Uˆabαβ, Uabαβ).
As already mentioned, the original action (57) can be re-obtained from expression (59) when
3This term contains little modifications compared to the original non-supersymmetric formulation in order to
accommodate both SUSY and BRST invariances.
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the external sources attain the following physical values:
Mabµν
∣∣∣
phys
= M˜abµν
∣∣∣
phys
= γ2δabδµν , N
ab
µν
∣∣∣
phys
= N˜abµν
∣∣∣
phys
= 0 ;
V abαβ
∣∣∣
phys
= Vˆ abαβ
∣∣∣
phys
= −M3/2δabδαβ , Uabαβ
∣∣∣
phys
= Uˆabαβ
∣∣∣
phys
= 0 , (64)
with
S = Σ0
∣∣∣
phys
. (65)
We see thus that the action (57) is a particular case of the more general expression (59). Therefore,
we will turn our attention to the action (59), keeping in mind that we can always go back to the
action (57) by taking the limit (64).
The advantage of working with the most general action (59) is that it is left invariant by both SUSY
and BRST transformations, which can be embedded into a unique generalized BRST operator,
see [40, 42],
Q = s+ αδα , (66)
where s is the usual BRST operator and δα are the SUSY generators, with 
α being the constant
ghost. More precisely, it turns out that
QΣ0 = 0 , (67)
where the action of the operator Q on the fields and external sources is defined as
QAaµ = −Dabµ cb + ¯α(γµ)αβλaβ
Qλaα = gfabccbλcα − 1
2
(σµν)
αββF
a
µν + (γ5)
αββD
a
QDa = gfabccbDc + ¯α(γµ)αβ(γ5)
βηDabµ λ
b
η
Qca = 1
2
gfabccbcc − ¯α(γµ)αββAaµ
Qc¯a = ba
Qba = ∇c¯a

, (68)
Qϕabµ = ω
ab
µ
Qωabµ = ∇ϕabµ
Qω˜abµ = ϕ˜
ab
µ
Qϕ˜abµ = ∇ω˜abµ

,
QMabµν = N
ab
µν
QNabµν = ∇Mabµν
QN˜abµν = M˜
ab
µν
QM˜abµν = ∇N˜abµν

, (69)
Qζaα = θ
a
α
Qθaα = ∇ζaα
Qθˆaα = ζˆ
a
α
Qζˆaα = ∇θˆaα

,
QUabαβ = V abαβ
QV abαβ = ∇Uabαβ
QUˆabαβ = Vˆ abαβ
QVˆ abαβ = ∇Uˆabαβ

. (70)
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The operator Q has the pleasant property that its square gives the generator of the translations
[40, 42], i.e. where Q2 is defined as the translation operator
Q2 ≡ ∇ = ¯α(γµ)αββ∂µ . (71)
Notice that the transformations QAaµ, Qλ
aβ, QDa and Qca are non-linear in the quantum fields,
meaning that they have to be treated as composite operators. Therefore, following the algebraic
renormalization procedure [24], we introduce them into the starting action coupled to suitable
external sources (Kaµ, L
a, T a, Y aα) :
Ssources =
∫
d4x
[−Q(KaµAaµ) +Q(Laca)−Q(T aDa) +Q(Y aαλaα)] , (72)
with the following transformations
QKaµ = Ω
a
µ
QΩaµ = ∇Kaµ
 , QL
a = Λa
QΛa = ∇La
 , QT
a = Ja
QJa = ∇T a
 , QY
aα = Xaα
QXaα = ∇Y aα
 . (73)
Finally, for the complete starting invariant action suitable to study the symmetry content and
renormalizability of the theory, we have
Σ = Σ0 + Ssources
=
∫
d4x
{
1
4
F aµνF
a
µν +
1
2
λ¯aα(γµ)αβD
ab
µ λ
b β +
1
2
DaDa + ba∂µA
a
µ + cˇ
a
[
∂µD
ab
µ c
b − ¯α(γµ)αβ∂µλa β
]
+ϕ˜ai ∂µD
ab
µ ϕ
b
i − ω˜ai ∂µDabµ ωbi − gfabc(∂µω˜ai )
[
(Dbdµ c
d)− ¯α(γµ)αβλbβ
]
ϕci
−NaµiDabµ ω˜bi −Maµi
[
Dabµ ϕ˜
b
i − gfabc(Dbdµ cd)ω˜ci + gfabc¯α(γµ)αβλbβω˜ci
]
−M˜aµiDabµ ϕbi + N˜aµi
[
Dabµ ω
b
i − gfabc(Dbdµ cd)ϕci + gfabc¯α(γµ)αβλbβϕci
]
−M˜aµiMaµi + N˜aµiNaµi + ζˆI ∂2ζI − θˆI ∂2θI + Vˆ Iaα λ¯aαθI
−Uˆ Iaα
[
gfabccbλ¯cαθI − λ¯aα∇ζI −
1
2
¯γ(σµν)γαF
a
µνθI + ¯
γ(γ5)γαD
aθI
]
+V Iaα θˆIλ
a
α + U
Iaα
[
−ζˆIλaα + gfabcθˆIcbλcα −
1
2
θˆI(σµν)αγ
γF aµν + θˆI(γ5)αγ
γDa
]
−ΩaµAaµ −Kaµ
[
Dabµ c
b − ¯α(γµ)αβλaβ
]
+ Λaca + La
[g
2
fabccbcc − ¯α(γµ)αββAaµ
]
−JaDa + T a
[
gfabccbDc + ¯α(γµ)αβ(γ5)
βηDabµ λ
b
η
]
+Xaαλaα + Y
aα
[
gfabccbλcα −
1
2
(σµν)αβF
a
µν
β + (γ5)αβ
βDa
]}
, (74)
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where, following [7, 10, 21, 22, 23, 40], we have introduced the composite index notation:(
ϕabµ , ϕ˜
ab
µ , ω
ab
µ , ω˜
ab
µ
) → (ϕai , ϕ˜ai , ωai , ω˜ai ) ,(
Mabµν , M˜
ab
µν , N
ab
µν , N˜
ab
µν
)
→
(
Maµi, M˜
a
µi, N
a
µi, N˜
a
µi
)
(75)
and (
θaα, θˆ
a
α, ζ
a
α, ζˆ
a
α
)
→
(
θI , θˆI , ζI , ζˆI
)
,(
V abαβ, Vˆ abαβ, Uabαβ, Uˆabαβ
)
→
(
V Iaα, Vˆ Iaα, U Iaα, Uˆ Iaα
)
, (76)
with
(a, µ) ≡ i, j, k, l, · · · ∈ {1, . . . , 4(N2 − 1)} ,
(a, α) ≡ I, J,K, L, · · · ∈ {1, . . . , 4(N2 − 1)} . (77)
A summary of all indices used here can be found in Appendix B, where we also display the
quantum numbers, i.e. mass dimensions and charges of all fields and sources of the model, see
Tables 1 and 2. According to those Tables, the fields and sources denoted with a (˜ ) have charge
qf equal to (−1), while the fields and sources denoted with a (ˆ ) have charge qf ′ equal to (−1).
That is why in Sect.4, a slightly different notation with respect to that used in the Introduction
has been adopted.
A.2 Symmetry content of the model
It turns out that the the complete action (74) displays a huge set of Ward identities, which we
enlist below:
Ward identities
• The Slavnov-Taylor identity:
S(Σ) = 0 , (78)
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with
S(Σ) ≡
∫
d4x
{(
δΣ
δAaµ
+ Ωaµ
)
δΣ
δKaµ
+
(
δΣ
δλaα
+Xaα
)
δΣ
δY aα
+
(
δΣ
δca
+ Λa
)
δΣ
δLa
+
(
δΣ
δDa
+ Ja
)
δΣ
δT a
+ ba
δΣ
δcˇa
+ ωai
δΣ
δϕai
+ ϕ˜ai
δΣ
δω˜ai
+ ζˆI
δΣ
δθˆI
+ θI
δΣ
δζI
+V Iaα
δΣ
δU Iaα
+ Vˆ Iaα
δΣ
δUˆ Iaα
+Naµi
δΣ
δMaµi
+ M˜aµi
δΣ
δN˜aµi
+(∇U Iaα) δΣ
δV Iaα
+ (∇Uˆ Iaα) δΣ
δVˆ Iaα
+ (∇Maµi)
δΣ
δNaµi
+(∇N˜aµi)
δΣ
δM˜aµi
+ (∇Kaµ)
δΣ
δΩaµ
+ (∇Y aα) δΣ
δXaα
+ (∇T a) δΣ
δJa
+ (∇La) δΣ
δΛa
+(∇cˇa) δΣ
δba
+ (∇ϕai )
δΣ
δωai
+ (∇ω˜ai )
δΣ
δϕ˜ai
+ (∇θˆI) δΣ
δζˆI
+ (∇ζI) δΣ
δθI
}
. (79)
• The gauge-fixing condition and anti-ghost equation:
δΣ
δba
= ∂µA
a
µ , Gˇ
a(Σ) ≡
(
δ
δcˇa
+ ∂µ
δ
δKaµ
)
Σ = 0 . (80)
• The equations of motion of the auxiliary fields:
F˜ai (Σ) ≡
(
δ
δϕ˜ai
+ ∂µ
δ
δM˜aµi
− gfabcM bµi
δ
δΩcµ
)
Σ = 0 , (81)
Wai (Σ) ≡
[
δ
δωai
+ ∂µ
δ
δNaµi
− gfabc
(
δ
δbc
ω˜bi +
δ
δΩcµ
N˜ bµi
)]
Σ = 0 , (82)
W˜ai (Σ) ≡
[
δ
δω˜ai
+ ∂µ
δ
δN˜aµi
− gfabc
(
M bµi
δ
δKcµ
−N bµi
δ
δΩcµ
)]
Σ = 0 , (83)
Fai (Σ) ≡
[
δ
δϕai
+ ∂µ
δ
δMaµi
− gfabc
(
δ
δbc
ϕ˜bi +
δ
δΩcµ
M˜ bµi +
δ
δcˇb
ω˜ci − N˜ cµi
δ
δKbµ
)]
Σ = 0 , (84)
T̂ I(Σ) ≡
(
δ
δθˆI
− U Iaα δ
δY aα
)
Σ = −∂2θI + V Iaα λaα , (85)
T I(Σ) ≡
[
δ
δθI
−
(
δ
δY a
)T
β
Cβα Uˆ Iaα
]
Σ = ∂2θˆI − λ¯aα Vˆ Iaα , (86)
δΣ
δζI
= ∂2ζˆI −∇(Uˆ Iaα λ¯aα) , (87)
δΣ
δζˆI
= ∂2ζI − U Iaα λaα , (88)
20
δΣ
δDa
= −Da − Ja + gfabccbT c − Y aα(γ5)αβ β + Uˆ Iaα ¯β(γ5)βα θI
−U Iaα θˆI (γ5)αβ β . (89)
• The identities in the external BRST sources:
δΣ
δΩaµ
= Aaµ ,
δΣ
δΛa
= ca ,
δΣ
δJa
= −Da , δΣ
δXaα
= λaα . (90)
• The U(f = 4(N2 − 1)) invariance:
Labµν(Σ) ≡ −
∫
d4x
(
ϕ˜caµ
δ
δϕ˜cbν
− ϕcbν
δ
δϕcaµ
+ ω˜caµ
δ
δω˜cbν
− ωcbν
δ
δωcaµ
+ M˜ caσµ
δ
δM˜ cbσν
−M cbσν
δ
δM caσµ
+N˜ caσµ
δ
δN˜ cbσν
−N cbσν
δ
δN caσµ
)
Σ = 0 . (91)
The trace of this symmetry defines a qf charge and the composite index (a, µ) ≡ i, j, k, l, . . . .
• The U(f ′ = 4(N2 − 1)) invariance:
L′ab βα (Σ) ≡
∫
d4x
(
ζaα
δ
δζbβ
− ζ¯bβ
δ
δζ¯aα
+ θaα
δ
δθbβ
− θ¯bβ
δ
δθ¯aα
+ V˜ caγα
δ
δV˜ cb βγ
− V cb βγ
δ
δV ca αγ
+ U˜ caγα
δ
δU˜ cb βγ
− U cb βγ
δ
δU ca αγ
)
Σ = 0 . (92)
The trace of this symmetry defines a qf ′ charge and the composite index (a, α) ≡ I, J,K, L, . . . .
• The ghost equation:
Ga(Σ) ≡
∫
d4x
[
δ
δca
+ gfabc
(
cˇb
δ
δbc
+ ϕbi
δ
δωci
+ ω˜bi
δ
δϕ˜ci
+ N˜ bµi
δ
δM˜ cµi
+M bµi
δ
δN cµi
+ Uˆ Ibα
δ
δVˆ Icα
− U Ibα δ
δV Icα
)]
Σ
=
∫
d4x
[
gfabc
(
KbµA
c
µ − Lbcc + T bDa − Y bαλcα
)− Λa] . (93)
• The equation of the source T a:
Υa(Σ) ≡
(
δ
δT a
+
δ
δλaα
(γ5)αβ ε
β + gfabccb
δ
δDc
+ gfabcT b
δ
δLc
)
Σ
= 3gfabc¯α(γµ)αβ
βT bAcµ +∇T b − gfabccbJ c
−β(γ5)βαXaα − ¯α(γµ)αη(γ5)ηββ
(
∂µc¯
a +Kaµ
)
. (94)
Let us also remark that some of the identities enlisted above are linearly broken, i.e. they
display a breaking term which is linear in the quantum fields. Such a breaking is a classical
breaking, not affected by the renormalization process [24].
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Discrete symmetries
Besides the Ward identities of the previous section, the action (74) is left invariant by two useful
discrete symmetries. First, let x4 → −x4 (the same is possible for x2 → −x2). In this case we can
transform the γ matrices as
γ4 → −γ4 , γk → γk, k = 1, 2, 3 . (95)
Notice that the anti-commutation relation {γµ, γν} = 2δµν remains unchanged by the transforma-
tions above, while
γ5 → −γ5 , C → −C , σ4k → −σ4k , σkl → σkl , k, l = 1, 2, 3 . (96)
Thus, given the transformations above, the action Σ is left invariant by the following transforma-
tion of fields and sources:(
Aa4,D, T, J,M
ab
4ν , M˜
ab
4ν , N
ab
4ν , N˜
ab
4ν , K
a
4 ,Ω
a
4
)
→ −
(
Aa4,D, T, J,M
ab
4ν , M˜
ab
4ν , N
ab
4ν , N˜
ab
4ν , K
a
4 ,Ω
a
4
)
,(
λ¯, ¯, θˆ, ζˆ, Y,X
)
→ −i
(
λ¯, ¯, θˆ, ζˆ, Y,X
)
,
(λ, , θ, ζ) → +i (λ, , θ, ζ) . (97)
Finally, let x1 → −x1 (or x3 → −x3). In this case we have:
γ1 → −γ1 , γk → γk , k = 2, 3, 4 . (98)
Also here the anti-commutation relation between the γ matrices remains unchanged, while
γ5 → −γ5 , C → C , σ1k → −σ1k , σkl → σkl , k, l = 2, 3, 4 . (99)
Again, the action Σ turns out to be left invariant by the following set of transformations:(
Aa1,D, T, J,M
ab
1ν , M˜
ab
1ν , N
ab
1ν , N˜
ab
1ν , K
a
1 ,Ω
a
1
)
→ −
(
Aa1,D, T, J,M
ab
1ν , M˜
ab
1ν , N
ab
1ν , N˜
ab
1ν , K
a
1 ,Ω
a
1
)
.
(100)
A.3 Algebraic characterization of the most general invariant countert-
erm
In order to determine the most general invariant counterterm which can be freely added to each
order, we follow the algebraic renormalization framework [24] and perturb the complete action
Σ by adding an integrated local polynomial in the fields and sources with dimension four and
vanishing ghost number, Σcount, and we require that the perturbed action, (Σ + ηΣcount), where η
is an infinitesimal expansion parameter, obeys the same Ward identities fulfilled by Σ to the first
22
order in the parameter η,. This gives the following constraints for the counterterm Σcount:
BΣ(Σcount) = 0 , δ
δba
Σcount = 0 , Gˇ
a(Σcount) = 0 , G
a(Σcount) = 0 , Fai (Σcount) = 0 ,
F˜ai (Σcount) = 0 , Wai (Σcount) = 0 , W˜ai (Σcount) = 0 , T I(Σcount) = 0 , T̂ I(Σcount) = 0 ,
δ
δζI
Σcount = 0 ,
δ
δζˆI
Σcount = 0 ,
δ
δDa
Σcount = 0 ,
δ
δΩaµ
Σcount = 0
δ
δΛa
Σcount = 0 ,
δ
δJa
Σcount = 0 ,
δ
δXaα
Σcount = 0 , Lij(Σcount) = 0 , L′IJ(Σcount) = 0 , Υa(Σcount) = 0 .

(101)
where BΣ is the linearized Slavnov-Taylor operator,
BΣ =
∫
d4x
{(
δΣ
δAaµ
+ Ωaµ
)
δ
δKaµ
+
δΣ
δKaµ
δ
δAaµ
+
(
δΣ
δλaα
+Xaα
)
δ
δY aα
+
δΣ
δY aα
δ
δλaα
+
(
δΣ
δca
+ Λa
)
δ
δLa
+
δΣ
δLa
δ
δca
+
(
δΣ
δDa
+ Ja
)
δ
δT a
+
δΣ
δT a
δ
δDa
+ ba
δ
δcˇa
+ ωai
δ
δϕai
+ ϕ˜ai
δ
δω˜ai
+ζˆI
δ
δθˆI
+ θI
δ
δζI
+ V Iaα
δ
δU Iaα
+ Vˆ Iaα
δ
δUˆ Iaα
+Naµi
δ
δMaµi
+ M˜aµi
δ
δN˜aµi
+ (∇U Iaα) δ
δV Iaα
+(∇Uˆ Iaα) δ
δVˆ Iaα
+ (∇Maµi)
δ
δNaµi
+ (∇N˜aµi)
δ
δM˜aµi
+ (∇Kaµ)
δ
δΩaµ
+ (∇Y aα) δ
δXaα
+(∇T a) δ
δJa
+ (∇La) δ
δΛa
+ (∇ϕai )
δ
δωai
+ (∇ω˜ai )
δ
δϕ˜ai
+ (∇θˆI) δ
δζˆI
+ (∇ζI) δ
δθI
}
. (102)
In particular, thanks to the property BΣBΣ = ∇, the general solution of the constraint BΣΣcount =
0, i.e. the first eq. of (101), can be written as
Σcount = a0 SSYM + BΣ∆(−1) , (103)
wherea0 is a free parameter and ∆
(−1) is an integrated polynomial in the fields and sources of
dimension 3, ghost number −1, and qf = qf ′ = 0. Taking into account the remaining constraints
and the discrete symmetries (97) and (100), it follows that the most general expression for ∆(−1)
turns out to be
∆(−1) =
∫
d4x
{
− a0
2
DaT a + a1
[
(∂µcˇ
a +Kaµ)A
a
µ +M
a
µiD
ab
µ ω˜
b
i + (∂µω˜
a
i )D
ab
µ ϕ
b
i
+N˜aµiM
a
µi + N˜
a
µiD
ab
µ ϕ
b
i
]
+ a2
(
Y aα − Uˆ IaβCαβθI − U IaαθˆI
)
λaα
+
(a0
2
− a2
)(
Y aα − Uˆ IaβCαβθI − U IaαθˆI
)
(γ5)αγ
γT a
}
. (104)
with a1, a2 free parameters. We see therefore that Σcount depends on three arbitrary coefficients,
i.e. (a0, a1, a2).
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A.4 Renormalization factors
In order to complete the analysis of the algebraic renormalization, we still need to show that the
counterterm Σcount can be reabsorbed into the starting action Σ through a redefinition of the fields
{φ}, sources {S} and parameters {p} = {g, }, namely,
Σ(φ, S, g) + ηΣcount(φ, S, p) = Σ(φ0, S0, p0) +O(η2) , (105)
where (φ0, S0, p0) are the so-called bare quantities, defined through the renormalization factors as
φ0 = Z
1/2
φ φ , S0 = ZS S , p0 = Zpp , (106)
where
Z
1/2
φ = 1 + η
zφ
2
+O(η2) , ZS = 1 + η zS +O(η2) , Zp = 1 + ηzp +O(η2) , (107)
with the {z} being linear combinations of the coefficients (a0, a1, a2). Moreover, in the present
case, a little care has to be taken due to the potential mixing of quantities which have the same
quantum numbers, see also [40, 42]. In fact, as it can be checked from Table 1 and Table 2,
one notices that the field λaα and the combination γ5T
a have the same dimension and quantum
numbers as well as the field Da and the combination (Y a− Uˆ IaCθI−U IaθˆI)γ5. As a consequence,
these quantities can mix at quantum level, a well known property of renormalization theory. This
feature can be properly taken into account by writing the renormalization of the fields λ and D
as
λaα0 = Z
1/2
λ λ
aα + η z1 T
a(γ5)
αββ +O(η2) (108)
and
Da0 = Z
1/2
D D
a + η z2
(
Y aα − Uˆ IaβCαβθI − U IaαθˆI
)
(γ5)αγ
γ +O(η2) , (109)
while the remaining fields, sources and parameters still obey (106).
By direct inspection of eq.(105), we find
Z
1/2
A = 1 + η
(a0
2
+ a1
)
+O(η2) ,
Z
1/2
λ = 1 + η
(a0
2
− a2
)
+O(η2) ,
Zg = 1− ηa0
2
+O(η2) . (110)
All other remaining renormalization factors can be expressed in terms of the tree independent
quantities (ZA, Zλ, Zg), namely
Z
1/2
D = 1 ,
Z
1/2
ϕ¯ = Z
1/2
ϕ = Z
1/2
c = Z
1/2
cˇ = ZK = Z
−1/2
g Z
−1/4
A ,
Z
1/2
ω¯ = Z
−1
g ,
Z1/2ω = Z
−1/2
A
Z
1/2
θ = Z
1/2
θˆ
= 1 ,
Z
1/2
ζ = Z
−1/2
ζˆ
= Z1/2g Z
−1/4
A . (111)
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In particular, from eq.(64), it follows that the renormalization of the sources M and M˜ gives us
the renormalization factor of the Gribov parameter γ2, while the renormalization of V and Vˆ
yields the renormalization of M3/2, i.e.
Zγ2 = ZM˜ = ZM = Z
−1/2
g Z
−1/4
A ,
ZM3/2 = ZVˆ = ZV = Z
−1/2
λ . (112)
The other sources renormalize as
ZN = ZΩ = Z
−1/2
A ,
ZN¯ = Z
−1
g ,
ZU = ZUˆ = ZY = Z
−1/2
g Z
1/4
A Z
−1/2
λ ,
ZL = Z
1/2
A ,
ZT = ZΛ = Z
1/2
g Z
1/4
A ,
ZX = Z
−1/2
λ ,
ZJ = 1 . (113)
Finally, the renormalization factor of the supersymmetric ghost parameter  is
Z = Z
1/2
g Z
−1/4
A , (114)
while we also have
z1 = −z2 = −a0
2
+ a2 . (115)
This concludes the proof of the algebraic renormalizability of the model.
B Notations and conventions in Euclidean space-time
Units: ~ = c = 1.
Euclidean metric: δµν = diag(+,+,+,+).
Wick rotations: x0 → −ix4 ⇒ ∂0 → +i∂4, A0 → +iA4.
Gamma matrices:
γ4 =
(
0 1
1 0
)
, γk = −i
(
0 σk
−σk 0
)
.
Pauli matrices:
σ4 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
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The gamma matrices obey the following relations:
γµ = γ
†
µ , (116)
{γµ, γν} = 2δµν . (117)
We also define the matrix γ5 as
γ5 = γ4γ1γ2γ3 =
(
1 0
0 −1
)
,
with the following properties:
{γ5, γµ} = 0 , (γ5)2 = 1 , γ†5 = γ5 . (118)
The charge conjugation matrix is
C = γ4γ2 = i
(
σ2 0
0 −σ2
)
, (119)
with
C−1 = −C = CT , C−1γµC = −γTµ . (120)
The matrices σµν are defined as
(σµν)
β
α ≡
1
2
[γµ, γν ]
β
α (121)
and have the property σ†µν = −σµν .
Majorana fermions:
The Majorana condition reads:
λC = λ = Cλ¯T ⇐⇒ λ¯ = λTC , (122)
leading to the following relations
λ¯γµ = ¯γµλ and λ¯γµγ5 = −¯γµγ5λ . (123)
Fierz identity in Euclidean space-time:
1¯2 =
1
4
(¯21)1 +
1
4
(¯2γ51)γ5 +
1
4
(¯2γµ1)γµ − 1
4
(¯2γµγ51)γµγ5
−1
8
(¯2σµν1)σµν . (124)
Indices notations: We display here a summary of the indices used in Appendix A
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• The Lorentz indices: µ, ν, ρ, σ, λ ∈ {1, 2, 3, 4} ;
• The Spinor indices: α, β, γ, δ, η ∈ {1, 2, 3, 4} ;
• The SU(N) group indices: a, b, c, d, e ∈ {1, . . . , N2 − 1} ;
• The composite-index (a, µ): i, j, k, l ∈ {1, . . . , f = 4(N2 − 1)} ;
• The composite-index (a, α): I, J,K, L ∈ {1, . . . , f ′ = 4(N2 − 1)} .
Table of quantum numbers: We display below the quantum numbers of the fields and sources
appearing in the action (74). Notice that by “nature” we mean “C” for commuting (or bosonic)
and “A” for anti-commuting (or fermionic).
A λ D c cˇ b ϕ ϕ˜ ω ω˜ ζ ζˆ θ θˆ  ¯
Dimension 1 3
2
2 1 1 2 1 1 2 0 0 2 1 1 1
2
1
2
Ghost# 0 0 0 1 −1 0 0 0 1 −1 −1 1 0 0 1 1
Charge-qf 0 0 0 0 0 0 1 −1 1 −1 0 0 0 0 0 0
Charge-qf ′ 0 0 0 0 0 0 0 0 0 0 1 −1 1 −1 0 0
Nature C A C A A C C C A A C C A A C C
Table 1: The quantum numbers of fields.
U Uˆ V Vˆ M M˜ N N˜ K Ω L Λ T J Y X
Dimension 1
2
1
2
3
2
3
2
2 2 3 1 2 3 2 3 1 2 3
2
5
2
Ghost# −1 −1 0 0 0 0 1 −1 −1 0 −2 −1 −1 0 −1 0
Charge-qf 0 0 0 0 1 −1 1 −1 0 0 0 0 0 0 0 0
Charge-qf ′ 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
Nature A A C C C C A A A C C A A C C A
Table 2: The quantum numbers of external sources.
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